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Abstract. Flow visualizationis anindispensibletool for the understandigf complex ow
phenomenan computationaluid dynamicsandthe analysisof dynamicalsystemslin this
notewe will presentseveral waysfor an effective postprocessingf uid owsand o ws
on invariantmanifoldsof dynamicalsystemsFeatureextractiontechniqueswill be present
which reducethe informationalcontentof large timedependerdatasetsto its mainly inters-
estingessencel-uthermorewe presenvisualizationapproachesvhich arebasedon partial
differentialequationsSimilar to the modellingof physicalphenomenay partial differential
equationsjn the postprocessingf datasuchequationsaturallyariseaswell. Finally, the
methodfor the densecovering of an invariantmanifold with streamlineds outlined,which
enablesusto representhe geometryof the objects statisticalinformationonit, andthelocal
0 w propertiesatthe sametime.

1 Intr oduction

Theunderstandingf comple structuresn dynamicakystemss achallengingsub-
jectnotonly from the analyticalor numericalpoint of view. Visualizationsenesas
atool to getinsightin solutionstructuresandtheirdynamicabehaiour. Frequently
standardnethoddor agraphicakepresentatiobreakdown almostatthebeginning.
For instancehevisualizationof timedependentector elds by arrow iconsleadsto
visual clutter, or drawing singleorbitson invariantmanifoldsoften hidesimportant
featuresof this object.Furthermorefor timedependernproblemsespeciallyin 3D,
adrawing of complicatedgeometricpatternoften hidesessentialnformation,e. g.
in termsof critical points, heteroclinicand homoclinic orbits. We will described
recentapproache$om different elds of dynamicalsystemgo avoid theseshort-
comings.Thereforewe gatherbrief description®f severalmethodsandalgorithms
in this note.Detaileddiscussion®f thesetechniquesanbe foundin publications,
wherethey have beenpresentedrst [3,19,7,4,10,14,2]Here, our main intention
is to describethemas bricks of diverseorigin but with the sameaim to enablea
betterunderstandingf complex o w phenomenan computationaluid dynamics
andthetheoryof dynamicalsystemsOur goalis to graphicallyrepresento w data
in anintuitively understandablandpreciseway.

At rst, wewill discusdeatureextractiontechniquegor uid o w. If we areinter
estedn thetopologyof ow elds, we mayfocusontheevolution of critical points,
connectingrbits,or vortex cores Iconicvisualizationtechniquesvill bepresented,
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which helpto extractsuchfeaturesandto visualizethemin anintuitively receptable
way.

Furthermoretwo methodshasedon a modellingwith partial differentialequations
are describedwhich allow an easyperceptionof ow data.The texture transport
methodespeciallyappliesto timedependentelocity elds. Lagrangiarcoordinates
arecomputedsolvingthecorrespondindgjineartransporequationsiumerically Choos-
ing an appropriatetexture on the referenceframe the coordinatemappingcan be
usedasa suitabletexture mapping.Alternatively, the nonlineardiffusion methods
senesas an appropriatescalespacemethodfor the visualizationof complicated
o w patternslt is closelyrelatedto nonlineardiffusion methodsn imageanalysis
whereimagesaresmoothedvhile still retainingandenhancingedgesHereanini-
tial noisyimageis smoothedalongstreamlinesywhereaghe imageis sharpenedh
the orthogonaldirection. The two methodshave in commonthatthey arebasedon
a continuouamodelanddiscretizedonly in the nal implementationastep.There-
fore, mary importantpropertiesarenaturallyestablishe@lreadyin the continuous
model.

Concerninginvariant manifolds of dynamicalsystemsa novel visualizationap-
proachis presentedlt is basedon researcltoncerningef cient androbustsetori-
entedcomputationamethodswhich wereintroducedoy M. Dellnitz, T. Hohmann,
andO. Junge[8,9]. Therebythe manifoldsare coveredwith leaf boxesof a binary
treeof boxes.Thevisualizationtechniqueto be presentedhereallow aninteractive
manipulationandinspectionof thesesetsandan accompaying invariantmeasure
density Furthermoreo struggleoutthelocal dynamicsacoveringof theleafboxes
with a densesetof shortintegral linesis consideredTheseline sggmentscanthen
beshadedndanimated.

To introducethe generaltopic, let us brie y recallthe principle settingof o w vi-
sualization.The visualizationof eld data,especiallyof velocity elds from CFD
computationds oneof the fundamentatasksin scienti ¢ visualization.The sim-
plestmethodto draw vectorplotsat nodesof someoverlayedregulargrid in general
producesisualclutter, becaus®f thetypically differentlocal scalingof the eld in
the spatialdomain,which leadsto disturbingmultiple overlapsin certainregions,
whereasin other areassmall structuressuchas eddiescan not be resoled ade-
quately The centralgoalis to obtaina denserintuitively betterreceptiblemethod.
Furthermoret shouldbe closelyrelatedto the mathematicaineaningof eld data,
whichis mainly expressedn its oneto onerelationto thecorrespondingo w. Single
particlelinesonly very partially enlightenfeatureof acomplex ow eld. Thus,we
askfor an automaticselectionprocedue of interestingpatrticle lines and features
or alternatvely a suitabledensepatternwhich representgshe ow  globally onthe
computationatlomain.

2 lconic Visualization of Flow Phenomena

Comple physicalphenomenaanbe simulatedandresohedwith large scalecom-
putationdasednrecennumericaimethodsin particularadaptve, time—dependent,
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two andthreedimensionalnite elementor nite volumealgorithmsbasedon un-
structuredgrids. Characteristicof the solution, which are topologically invariant
andglobally describethe physicalphenomenaarein generalhiddenin enormous
massef information. Insteadof an “overall” visualization,conceptsto display
selectedmportantaspectsarerequired We areforcedto carefullydepictthesefea-
turesof interestwhich characterizéhe global solution.A coupleof selectiontech-
nigueshasrecentlybeenstudied.Globusetal. [13] proposeo extractcritical points
from o w datasets.At theselocationsthey graphicallyrepresenthe eigenspaces.
On boundaryshapesHelmanand Hesselink[15] constructtopologicalskeletons
for vector elds. In [11] DemarcelleandHesselinkgive acompleteanalysisof sec-
ondordertensor eld topologyon two dimensionadomainsPostet al. [18] apply
methodsbasedon mathematicamorphologyto locateinterestingregionsin large
datasets.To representhe local solutionin regions of interestgraphically icons
have beeninvestigatedAn iconis a geometricbjectwhich actsasa symbolicrep-
resentatiorfor speci ¢ dataquantitiesandfeaturesof the solution. DeLeeuwand
van Wijk [16] have developedaniconic o w probe.Postet. al. [18] give several
glyphsfor varioussimulationfeatures.

In this sectionwe contritute new iconsand criteria for point selectionand apply
themin differentstationaryandespecialljtime—dependerdpplications.

At rst let usconsiderthe linearizationof a o w closeto a particle path.We pick
up the abore one—to—oneelationbetweena velocity eld andtheinduced ow
de ned by theordinarydifferentialequation

where describeghe motion of particlesinitially locatedat positions
drivenby the velocity in EuleriancoordinatesThereforethe above equation
canberewrittenas . Now we askfor the acceleration of aparticle.By
applyingthe chainrule we obtainthe materialderivative (
by de nition) of thevelocity :

If this derivative vanisheon a particlepath,the correspondingparticleis upto rst
orderin a constantmotion. Now let us assumewe have selectedsomeparticle of
interestdenoted attime . Its pathcanbeexpandedn termsof and—

We will study the motion of nearbyparticlesmoving along the latter path more
closelyandexpandthe offset
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Linearizingthis equationwe obtain

To summarizethe rst ordermotionin a neighbourhooaf a speci c particle  at
time is describeddy the velocity andthevelocity gradient .
Now we askfor a graphicalrepresentatiomf this offset motion. Thereforelet us
look closerontotheinducedlinear eld. We will restrictoursehesto the threedi-
mensionalcase.The considerationsn two dimensionghenare a straightforvard
consequence. hasatleastonerealeigervalue,which we will supposédo bethe
third. The othersmight berealaswell or conjugatecomplex. If thereal partsof all
threeeigervaluesare positive, respectiely negative, is a moving sourcerespec-
tively sink. The o w of anincompressiblenediumin a closedsystemis sourceand
sinkfree.Tofacilitatetheexposition,let usrestrictto this case For differentiableve-
locitiesincompressibilityis equivalentto vanishingdivergence By thatassumption
in thenondgenerateasehereis atwo dimensionasubspacef  spannedbythe
eigervectorscorrespondingo the eigervaluesof equalsign (resp.to the complex
eigervalueandits conjugateandoneremainingdirectioncorrespondingo thethird
eigervalue.Theinduced o w is hyperbolic,particlesstreamin alongthe planeand
they streamout of in thedirectionof thethird eigervector, or vice versa.Graph-
ically the directionof the third eigervalueis representedy two oppositevectors
positionedat andpointingin or out, dependingon the sign of the corresponding
eigervalue.If theothertwo eigervaluesof oppositesignarereal,we displaythere-
strictedsink or sourcetype o w by adisk centeredat , scalethetwo eigervectors
by the eigervaluesand placethemon the disk. In the complex conjugatecasethe
restrictedo w is swirling in or outontheplane.To supportanintuitive understand-
ing we partition the above disk into 4 segmentswith alternatingcolour. The real
partof the eigervalue drivesthe particlesinto the centeror away from
it proportionallyto . Thatdetermineshe periodof time the particlesneedto
traversethe disk. Afterwards,they'll have beenswirled aroundtheangle . The
rim of thedisk is twistedaccordingto thatangle,andthedisk is deformedinearly
asindicatedby the realandimaginarypartsof the complex eigervector This leads
to spiralshapedse@ments.The separatiorines betweerthe sggmentscanbeinter
pretedas rst orderrelative particlepaths.

Icons canbe releasedat positionsrelatedto the domaingeometryandyield rst
insightsin solutionaspectsFig. 1 depictsan example,wherethe incompressible
Navier—Stolesequationaresolvedin arectangulaboxwith wallsinside,oneoutlet
andoneinlet modelthe o w in awaterreserwir. Someparticletracesn thestation-
ary ow eld indicatethe principal motion. Thethree—dimensionadtructureof the
recirculationzonesis visualizedby placingcolumnsof iconsin the volume.Each
icon shaws the rotation of the velocity evaluatedat its center Especiallyfor ow
problemsiconscanbe alignedto particlelines[16]. But onehasto bevery careful
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Fig. 1. Rotationiconsin anincompressibleo w.

in nding appropriatgpathswhich give signi cant insightin interestingqualitatve
aspectof the underlyingphenomenaCritical points,characterizedby , are
of speci ¢ interestin velocity elds, in particularin the stationarycase.They are
topologicalinvariantsof the underlying o w [1] and can be taken as seedpoints
to reconstruct topologicalskeleton.Fig. 2 shavs iconsvisualizingthelocal o w
at critical pointsextractedautomaticallyfrom a threedimensionalolume.The un-
derlyinginterpretatiorhasalreadybeendiscusseabove. In the nonstationary
casecritical pointsdo not have the samemeaningasfor stationaryvelocity elds.
But neverthelesshey arestill topologicallyinvariantandgive insightin qualitative
aspectof the o w. Fig. 3 shows several snapshot®f the incompressiblenonsta-
tionary o w behindanobstacldn two dimensionslt enlightengartof the process
responsibldor theformationof a Karmanvortex street.Finally, Fig. 4 shavsicons
andstreamlineson the homoclinic,respectrely heteroclinicorbitsin a corvective
oWw.

3 Vector Field Aligned Nonlinear Diffusion

Letusnow discuss rst PDEbasednethod.Here,nonlinearanisotropiadiffusion
appliedto someinitial randomnoisyimagewill enableanintuitive andscalablevi-
sualizatiorof complicatedo w elds. Thereforewe pick uptheideaof line integral
convolution, wherea strongcorrelationin the imageintensityalongstreamliness
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Fig. 2. Ontheleft iconsplacedatcritical pointsin anincompressibleo w in threedimensions,
ontheright the critical pointsaretakenasstartingpoint for particlelines.

Fig. 3. Iconsplacedat critical pointsin a nonstationaryincompressibleo w

Fig. 4. Thetopologyof a corvective o w in 2D depictedby iconsand selectedstreamlines
for two timesteps.
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achievedby convolutionof aninitial white noisealongthestreamlinesAs proposed
alreadyby CabralandLeedom([5,21] a suitablechoicefor the corvolution kernel

is a Gaussiarkernel. On the other handan appropriatelyscaledGaussiarkernel
is known to be the fundamentakolution of the heatequation.Thus, line integral

convolution is nothing elsethan solving the heatequationin 1D on a streamline
parametrizedvith respecto arclengthIf we askfor a wellposedcontinuouddiffu-

sionproblemwith similar propertiesyve areleadto someanisotropidiffusion,now

controlledby a suitablediffusion matrix. In the directionperpendiculato the o w

eld weincorporatea sharpeningrocesknown from scalespacenethodsn image
processing17]. In detailwe considerthe following parabolicdifferentialequation
problem:

— div in
on
— on
for giveninitial density . Here is amolli cation of the

currentdensity This ensureghe wellposednessf the above parabolic,boundary

andinitial valueproblem.In our settingwe interpretethe densityasanimageinten-

sity, a scalargreyscaleor — with a slight extensionto the vectorvaluedcase- asa

vectorvaluedcolor. Thus,the solution canberegardedasa family of images

, Wherethetime senesasa scalingparameter

Let us now focus on the anisotropicdiffusion matrix . For a given vector eld
we considetinear diffusionin the directionof thevector eld anda

PeronaMalik typediffusionorthogonato the eld. If we supposéhat is continu-

ousand on ,thenthereexistsanfamily of continuousorthogonamappings
suchthat , Where is the standard

basen . Thuswede ne

where is asupposedo be monoton controllingthelineardiffusion

in vector eld direction,i. e. alongstreamlinesand actsasan edgeenhanc-

ing diffusion coefcient in the orthogonaldirections(cf. [23,17]), e. g.
. Asinitial data we choosesomerandomnoiseof anappropriate

frequeng range.
Hencepatternwill grow upstreananddownstreamwhereaghe edgedangentiato
thesepatternsaaresuccessiely enhancedstill thereis somediffusionperpendicular
tothe eld whichsuppliesusfor evolving time with a scaleof progressiely coarser
representationf the ow eld. If weruntheevolutionfor vanishingright handside

theimagecontraswill unfortunatelydecreaselueto the diffusionalongstream-
lines.Thereforewe strengthenheimagecontrasduringtheevolution, selectingan
appropriatgfunction , with , on ,
and on .
If we askfor pointwiseasymptoticlimits of the evolution, we expectan almost
everywherecornvergenceto dueto the choiceof the contrasten-
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hancingfunction (cf. Fig. 5). The spaceof asymptoticlimits signi cantly

Fig. 5. A singletimesteps depictedrom thenonlineardiffusionmethodappliedto thevector
eld describingthe o w aroundanobstacleata x edtime. A discretewhite noiseis consid-
eredasinitial data.We run the evolution on the left for a smallandon the right for a large
constandiffusion coefcient

in uencesthe richnessof the developingvector eld alignedstructuresTo enrich
thesetof asymptoticstatessettledby anisotropidiffusionwe canconsideta vector
valued for some anda correspondingystemof parabolic
equationsFinally we endup with the methodof nonlinearanisotropicdiffusionto
visualizecomplex vector elds [20] (cf. Fig. 6).

Fig. 6. Several diffusiontimestepsaredepictedfrom the vectorvaluednonlinearanisotropic
diffusionmethodappliedto a convective ow eld in a2D box.

4 Texturing Lagrangian Coordinates

The secondmethodbasedon a modellingwith partial differentialequationscon-
sistsin the numericalcalculationof the ux itself [3]. We adoptthe ideaof the
implicit streamsudcespresentedy J. van Wijk [24] anddiscussthe correspond-
ing transportproblemfor timedependendata.In o w time andin o w coordinates
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Fig. 7. Theincompressibleo w in a waterbasinwith two interior walls andaninlet (on the
left) and an outlet (on the right) is visualizedby anisotropicnonlineardiffusion. Color is
indicatingthe velocity.

may be regardedasa Lagrangianframe.The methodwe proposeheredisplaysLa-
grangiancoordinatesy texture mapping,which mapa certainpatternfrom a La-
grangiancoordinatesystem|. e. from texture spaceto the Eulerianframe.Let us

assume to beadomaindescribinga uid containemith aninlet boundary
andan outlet boundary . Furthermorewe supposehe uid
velocity to begivenfor a x edtime . In theapplicationthis

velocity will bedeliveredby a numericalsimulation,which runssimultaneouslyor
hasstoredits resultsin les ondisk. Let usnow interpretthe coordinates onthe
inlet boundary , respectiely thein ow time asdependingvariables,which
aretransportedvith the uid. Thenthey are describedby the following transport
equationfor a density

in

on
Thuswe obtain for on ,respectiely for on
Ontheoutlet  noboundaryconditionhasto bedescribedf for all times,

where is the outernormalof thedomain . This transportcanbe interpretedas
asimultaneousndglobal particletracing.On a particlepath thesolution of
theabove transportequationis constantbecause and

Thereforepointsof constant  valuearelocatedontheparticleline startingat posi-
tion on . Analogouslyaconstant valueindicatespointsonasurfacewhich
is theimageof a correspondingurfaceon theinlet underthe ow . In this
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sense asfunctionson canberegardedasLagrangiancoordinates
describinghemotionof particleswhichpasshrough . Particleswhichhave ear
lier enteredhe uid containerarenotconsideredofar.
Thetransportequatiorbecomes wellposedproblemby prescribingsuitableinitial
conditions.If every particlepathstartingata positionin  hasleft the domain,the
solution nolongerdependn theseinitial conditions.For moderatevaluesof
this might not be the caseandfor certainapplicationsespeciallytheinitial phaseof
the physicalsimulationis of greatimportance Thereforewe supposdhat and
are extensionsof respectiely on andchoosethemasinitial conditions
for thetwo transportproblemseE. g. if and we choose

Finally, we have to de ne anappropriatepatternin the texture space

Thereare several desirablefeatureswhich shouldbe realizedby the textural rep-
resentatiorof the Lagrangiancoordinateslt shouldsimultaneoushcodetime and
inlet coordinatesFurthermoreto enablelong time animationof moving uids the
patternin the texture spaceshouldbe periodicin  andthe zoominginto detailed
areashasto be supportedoy a scalability property Thus,we usea periodiccolor
codingof andaperiodicscalablelD texturefor  (cf. Fig. 8, 9).

Fig. 8. Texturetransportn thevon Karmanvortex street.
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Fig. 9. Texturetransportappliedto a compressiblé&uler o w arroundtwo obstacles.

5 Streamlineson Invariant Manif olds of Dynamical Systems

In this nal sectionwe will dealwith adensecoverageof approximation®f invari-
antmanifoldswith streamlinesThey displaythelocal o w onthemanifoldin anin-
tuitively understandableay. This methodis ananalogof thetechniquepresented
before,but now on geometricallycomplec objects.To begin with, let us consider
a dynamicsystem.If time is assumedo evolve continuouslythenthis systemis
frequentlygivenby anordinarydifferentialequationof theform

— 1)
where . Alternatively, we may studya discretedynamicalsystemof
theform

)
where . Obsene thatthis type of dynamicalsystemnaturallyarises

whenanordinarydifferentialequatioris integratedoy anexplicit numericascheme.
Topologicalinformationonthelongtermbehaior of thedynamicalsystemis given
by invariantsets:a set is invariant if

In this sectionwe presenta visualizationtechniquesasedon recentnumericalap-
proximationmethodsby D. Dellnitz, H. Hohmann,O. Junge.The central object
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whichis approximatedby the subdvisionalgorithmdevelopedn [9] is theso-called
relativeglobal attractor,

3)

where is a compactsubset.Roughly speaking the set shouldbe
viewed asthe union of invariantsetsinside togetherwith their unstablemani-
folds. In particular maycontainsubset®f which cannotbeapproximatedy
directsimulation.A subdvision algorithmfor theapproximation  of gener
atesa sequence of nite collectionsof boxeswhich contain
andapproximatehis relative invariantsetfor increasingraluesof . In theconcrete
implementatiorthe boxesare generalizedectanglesvhich build up a binary tree,
generatedy successie bisection[8]. As anexamplewe studyhereinvariantsetin
the Lorenzsystem[7]. Oncea box covering of the attractor ~ hasbeencom-
puted,onecanapproximatehe statisticoof thedynamicson by thecomputation
of acorrespondingaturalinvariantmeasurel. e.thethetransitionprobabilities

canbeapproximatedwhere denoted ebesgueneasureThenaneigervectorfor
the eigervalue is computednumericallyand senes as an approximationof the
invariantmeasureWe will usethis measurdor coloringof the o w lines.

The set orientedalgorithm is not restrictedto approximationsof attractingsets
whicharesmoothsubmanifoldof . Theattractorunderconsideratiomayhave
aHausdorf dimensiorwhichis notanintegerbut is of dimensionbetweertwo and
three.Neverthelessfrequentlyattractorsare containedin the closureof unstable
manifoldswhicharelocally  dimensionakurfaceswithin . Unfortunatelythis
surfacestructureis hiddenin our discretebox approachin termsof a surfaceinter-
pretationthefundamentafiuestioris how to de ne atangenspacepr, equivalently,
how to give asuitablede nition of normalsHerewe applyamethodrelatedto Niel-
son'sapproachn theinterpolationof scatterediatal6]. For given we considetthe
neighbourhood of the centerpoint  of every box . (Thedistance
is measuredn the maximumnorm.) Thenwe de ne thelocal centerof gravity
andthe rst momentummatrix by

d — d
The scalingof obviously guaranteeshat , if the invariantsetcom-
pletelycovers . Concerningheimplementatiorwe canavoid the exacteval-

uationof the integralsandapproximatehemby a countingmeasureover box cen-
ters.We therebytake into accountvaluesof which aremultiplesof the lengthof

box edgeseg.g. in theapplicationsve considera factorof

Themomentummatrix  is symmetric.Thus,thereexistsanorthonormalksystem
of eigervectors and correspondingeal eigervalues
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. By constructiortheapproximateset  is locally moreextendedn directions
of eigervectorswith relatively large eigervalues  andvice versa.lf the actual
invariantset  islocallyan dimensionaburface thenit is reasonabléo assume
that  re ectsthispropertyin thesensdhatthereare smalleigervalues,
i. e.

We make useof this factandrequirein the algorithmthat for asmall
constant , in ourcase . Thentheeigervectors areinterpretedas
approximatenormalsand as approximatetangentvectors.Con-
cerningthe visualization,in particularfor and the de nition of a

normalallows an appropriateshadingandtherebysupportsthe visual receptionof
the streamlinecoverageof acomplicatednvariantmanifolds.
Ourstreamlinesisualizationapproactis relatedto themethodof illuminatedstream-
linesintroducedby Stallingetal. [22]. Here,a coverageof the frequentlylower di-
mensionainvariantmanifoldsis attainedsimilar to the line art illustration method
by Elber[12].

We usestreamlinego emphasizehe local dynamicson the invariantset , i. e.
thedirectionandvelocity of the continuouso w accordingto theunderlyingODE.
Streamlinesaresuitabletools to visualizesuchinformation.We will now describe
an algorithmwhich generates coverageof with streamlinesat a prescribed
densityin a preprocessingtep.Then,for the lateroninteractive renderingwe use
transparenilluminatedstreamlinesndcolor themaccordingto the invariantmea-
sure.For our casewe make useof the approximatesurfacenormalsandtherefore
shadetheindividual streamlineswith respecto thesenormals.We thusensurethe
graphicalrepresentationf the global geometryandthe local dynamicsof the dy-
namicalsystemat the sametime while still retainingthe surfacetypeappeaance
Ourcoveragewill beof equaldensityall over  in thesensehattheratio

of thesum of thelengthof streamlinesggmentsin theboxes of the binary
treeandthe local volume is balancedWe achieve this by aninterative in-
sertionprocessof streamlinesof x edlength . We successiely selectstarting
positions , computestreamlinesggments asnumericalsolu-
tionsof the ODE problems

anddistributethelocal sggmentsontothe correspondindpoxes.Simultaneouslyve
updatethe currentdensities ontheinvolvedboxes.
Fig. 10 shavs resultsfor the Lorenzsystem..
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