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Abstract. Flow visualizationis an indispensibletool for theunderstandigof complex �o w
phenomenain computational�uid dynamicsandtheanalysisof dynamicalsystems.In this
notewe will presentseveral waysfor an effective postprocessingof �uid �o ws and�o ws
on invariantmanifoldsof dynamicalsystems.Featureextractiontechniqueswill be present
which reducetheinformationalcontentof largetimedependentdatasetsto its mainly inters-
estingessence.Futhermore,we presentvisualizationapproacheswhich arebasedon partial
differentialequations.Similar to themodellingof physicalphenomenaby partialdifferential
equations,in the postprocessingof datasuchequationsnaturallyariseaswell. Finally, the
methodfor the densecovering of an invariantmanifoldwith streamlinesis outlined,which
enablesusto representthegeometryof theobjects,statisticalinformationon it, andthelocal
�o w propertiesat thesametime.

1 Intr oduction

Theunderstandingof complex structuresin dynamicalsystemsis achallengingsub-
ject notonly from theanalyticalor numericalpoint of view. Visualizationservesas
atool to getinsightin solutionstructuresandtheirdynamicalbehaviour. Frequently,
standardmethodsfor agraphicalrepresentationbreakdownalmostatthebeginning.
For instancethevisualizationof timedependentvector�elds by arrow iconsleadsto
visualclutter, or drawing singleorbitson invariantmanifoldsoftenhidesimportant
featuresof this object.Furthermore,for timedependentproblemsespeciallyin 3D,
a drawing of complicatedgeometricpatternoftenhidesessentialinformation,e. g.
in termsof critical points,heteroclinicand homoclinicorbits. We will described
recentapproachesfrom different�elds of dynamicalsystemsto avoid theseshort-
comings.Therefore,wegatherbrief descriptionsof severalmethodsandalgorithms
in this note.Detaileddiscussionsof thesetechniquescanbefoundin publications,
wherethey have beenpresented�rst [3,19,7,4,10,14,2]. Here,our main intention
is to describethemasbricks of diverseorigin but with the sameaim to enablea
betterunderstandingof complex �o w phenomenain computational�uid dynamics
andthetheoryof dynamicalsystems.Our goalis to graphicallyrepresent�o w data
in anintuitively understandableandpreciseway.
At �rst, we will discussfeatureextractiontechniquesfor �uid �o w. If we areinter-
estedin thetopologyof �o w �elds, wemayfocusontheevolutionof critical points,
connectingorbits,or vortex cores.Iconicvisualizationtechniqueswill bepresented,
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whichhelpto extractsuchfeaturesandto visualizethemin anintuitively receptable
way.
Furthermore,two methodsbasedon a modellingwith partialdifferentialequations
aredescribedwhich allow an easyperceptionof �o w data.The texture transport
methodespeciallyappliesto timedependentvelocity �elds. Lagrangiancoordinates
arecomputedsolvingthecorrespondinglineartransportequationsnumerically.Choos-
ing an appropriatetexture on the referenceframethe coordinatemappingcanbe
usedasa suitabletexture mapping.Alternatively, the nonlineardiffusionmethods
servesasan appropriatescalespacemethodfor the visualizationof complicated
�o w patterns.It is closelyrelatedto nonlineardiffusionmethodsin imageanalysis
whereimagesaresmoothedwhile still retainingandenhancingedges.Hereanini-
tial noisy imageis smoothedalongstreamlines,whereasthe imageis sharpenedin
theorthogonaldirection.Thetwo methodshave in commonthat they arebasedon
a continuousmodelanddiscretizedonly in the �nal implementationalstep.There-
fore, many importantpropertiesarenaturallyestablishedalreadyin thecontinuous
model.
Concerninginvariant manifoldsof dynamicalsystems,a novel visualizationap-
proachis presented.It is basedon researchconcerningef�cient androbustsetori-
entedcomputationalmethods,whichwereintroducedby M. Dellnitz, T. Hohmann,
andO. Junge[8,9]. Therebythemanifoldsarecoveredwith leaf boxesof a binary
treeof boxes.Thevisualizationtechniqueto bepresentedhereallow aninteractive
manipulationandinspectionof thesesetsandan accompanying invariantmeasure
density. Furthermoreto struggleoutthelocaldynamics,acoveringof theleafboxes
with a densesetof shortintegral lines is considered.Theseline segmentscanthen
beshadedandanimated.
To introducethegeneraltopic, let usbrie�y recall theprinciplesettingof �o w vi-
sualization.The visualizationof �eld data,especiallyof velocity �elds from CFD
computationsis oneof the fundamentaltasksin scienti�c visualization.The sim-
plestmethodto draw vectorplotsatnodesof someoverlayedregulargrid in general
producesvisualclutter, becauseof thetypically differentlocalscalingof the�eld in
the spatialdomain,which leadsto disturbingmultiple overlapsin certainregions,
whereasin other areassmall structuressuchas eddiescan not be resolved ade-
quately. Thecentralgoal is to obtaina denser, intuitively betterreceptiblemethod.
Furthermoreit shouldbecloselyrelatedto themathematicalmeaningof �eld data,
whichis mainlyexpressedin its oneto onerelationto thecorresponding�o w. Single
particlelinesonly verypartiallyenlightenfeaturesof acomplex �o w �eld. Thus,we
askfor an automaticselectionprocedure of interestingparticle lines and features
or alternatively asuitabledensepatternwhich representsthe�ow

�

globallyon the
computationaldomain.

2 Iconic Visualization of Flow Phenomena

Complex physicalphenomenacanbesimulatedandresolvedwith largescalecom-
putationsbasedonrecentnumericalmethods,in particularadaptive,time–dependent,
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two andthreedimensional�nite elementor �nite volumealgorithmsbasedon un-
structuredgrids. Characteristicsof the solution,which are topologically invariant
andglobally describethephysicalphenomena,arein generalhiddenin enormous
massesof information. Insteadof an “overall” visualization,conceptsto display
selectedimportantaspectsarerequired.We areforcedto carefullydepictthesefea-
turesof interest,whichcharacterizetheglobalsolution.A coupleof selectiontech-
niqueshasrecentlybeenstudied.Globusetal. [13] proposeto extractcritical points
from �o w datasets.At theselocationsthey graphicallyrepresenttheeigenspaces.
On boundaryshapes,HelmanandHesselink[15] constructtopologicalskeletons
for vector�elds. In [11] DemarcelleandHesselinkgiveacompleteanalysisof sec-
ondordertensor�eld topologyon two dimensionaldomains.Postet al. [18] apply
methodsbasedon mathematicalmorphologyto locateinterestingregionsin large
datasets.To representthe local solution in regions of interestgraphically, icons
havebeeninvestigated.An icon is a geometricobjectwhichactsasasymbolicrep-
resentationfor speci�c dataquantitiesandfeaturesof the solution.DeLeeuwand
van Wijk [16] have developedan iconic �o w probe.Postet. al. [18] give several
glyphsfor varioussimulationfeatures.
In this sectionwe contribute new iconsandcriteria for point selectionandapply
themin differentstationaryandespeciallytime–dependentapplications.
At �rst let usconsiderthe linearizationof a �o w closeto a particlepath.We pick
up theabove one–to–onerelationbetweena velocity �eld andthe induced�o w �

de�ned by theordinarydifferentialequation

�

���
	���
�������������	���
�����
��

where ����	���������	 describesthemotionof particlesinitially locatedat positions
	 driven by the velocity � in Euleriancoordinates.Thereforethe above equation
canberewrittenas
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If this derivativevanishesona particlepath,thecorrespondingparticleis up to �rst
order in a constantmotion.Now let us assumewe have selectedsomeparticleof
interestdenoted�>= at time 


= . Its pathcanbeexpandedin termsof � and ?

@

0

�

�
=

��
��A�

�
=

��


=

�B2:�C�

�
=

��


=

����
EDF


=

�G2

H

I

"

&(


�C�

�
=

��


=

����
JDK


=

�

�

2ML

N

.

.�
'OQP

We will study the motion of nearbyparticlesmoving along the latter path more
closelyandexpandtheoffset
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To summarize,the�rst ordermotionin a neighbourhoodof aspeci�c particle � = at
time 


= is describedby thevelocity �C�

� =

��


=

� andthevelocity gradient68���
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=

� .
Now we askfor a graphicalrepresentationof this offset motion.Thereforelet us
look closeronto the inducedlinear �eld. We will restrictourselvesto the threedi-
mensionalcase.The considerationsin two dimensionsthenarea straightforward
consequence.68� hasat leastonerealeigenvalue,which we will supposeto bethe
third. Theothersmight berealaswell or conjugatecomplex. If therealpartsof all
threeeigenvaluesarepositive, respectively negative, � is a moving sourcerespec-
tively sink.The�o w of anincompressiblemediumin a closedsystemis sourceand
sinkfree.To facilitatetheexposition,letusrestrictto thiscase.For differentiableve-
locitiesincompressibilityis equivalentto vanishingdivergence.By thatassumption
in thenondegeneratecasethereis atwo dimensionalsubspaceof Z [

O

spannedby the
eigenvectorscorrespondingto the eigenvaluesof equalsign (resp.to the complex
eigenvalueandits conjugate)andoneremainingdirectioncorrespondingto thethird
eigenvalue.Theinduced�o w is hyperbolic,particlesstreamin alongtheplaneand
they streamout of � in thedirectionof thethird eigenvector, or vice versa.Graph-
ically the directionof the third eigenvalueis representedby two oppositevectors
positionedat � andpointing in or out, dependingon thesignof thecorresponding
eigenvalue.If theothertwo eigenvaluesof oppositesignarereal,we displaythere-
strictedsink or sourcetype�o w by a disk centeredat � , scalethetwo eigenvectors
by the eigenvaluesandplacethemon the disk. In the complex conjugatecasethe
restricted�o w is swirling in or outon theplane.To supportanintuitiveunderstand-
ing we partition the above disk into 4 segmentswith alternatingcolour. The real
partof theeigenvalue \]�_^]2:`ba drivestheparticlesinto thecenteror away from
it proportionallyto c+d

0 . Thatdeterminestheperiodof time e theparticlesneedto
traversethe disk. Afterwards,they' ll have beenswirled aroundthe angle aSe . The
rim of thedisk is twistedaccordingto thatangle,andthedisk is deformedlinearly
asindicatedby therealandimaginarypartsof thecomplex eigenvector. This leads
to spiralshapedsegments.Theseparationlinesbetweenthesegmentscanbeinter-
pretedas�rst orderrelativeparticlepaths.
Iconscanbe releasedat positionsrelatedto the domaingeometryandyield �rst
insightsin solutionaspects.Fig. 1 depictsan example,wherethe incompressible
Navier–Stokesequationsaresolvedin arectangularboxwith wallsinside,oneoutlet
andoneinlet modelthe�o w in awaterreservoir. Someparticletracesin thestation-
ary �o w �eld indicatetheprincipalmotion.Thethree–dimensionalstructureof the
recirculationzonesis visualizedby placingcolumnsof iconsin thevolume.Each
icon shows the rotationof the velocity evaluatedat its center. Especiallyfor �o w
problemsiconscanbealignedto particlelines[16]. But onehasto bevery careful
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Fig.1. Rotationiconsin anincompressible�o w.

in �nding appropriatepathswhich give signi�cant insight in interestingqualitative
aspectsof theunderlyingphenomena.Critical points,characterizedby �K�f� , are
of speci�c interestin velocity �elds, in particularin the stationarycase.They are
topologicalinvariantsof the underlying�o w [1] andcanbe taken asseedpoints
to reconstructa topologicalskeleton.Fig. 2 shows iconsvisualizingthe local �o w
at critical pointsextractedautomaticallyfrom a threedimensionalvolume.Theun-
derlying interpretationhasalreadybeendiscussedabove. In thenonstationary
casecritical pointsdo not have thesamemeaningasfor stationaryvelocity �elds.
But neverthelessthey arestill topologicallyinvariantandgive insight in qualitative
aspectsof the �o w. Fig. 3 shows several snapshotsof the incompressible,nonsta-
tionary�o w behindanobstaclein two dimensions.It enlightenspartof theprocess
responsiblefor theformationof a Karmanvortex street.Finally, Fig. 4 shows icons
andstreamlineson thehomoclinic,respectively heteroclinicorbits in a convective
�o w.

3 Vector Field Aligned Nonlinear Diffusion

Let usnow discussa �rst PDEbasedmethod.Here,nonlinearanisotropicdiffusion
appliedto someinitial randomnoisyimagewill enableanintuitiveandscalablevi-
sualizationof complicated�o w �elds. Therefore,wepick uptheideaof line integral
convolution,wherea strongcorrelationin the imageintensityalongstreamlinesis
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Fig.2.Ontheleft iconsplacedatcritical pointsin anincompressible�o w in threedimensions,
on theright thecritical pointsaretakenasstartingpoint for particlelines.

Fig.3. Iconsplacedatcritical pointsin a nonstationary, incompressible�o w

Fig.4. The topologyof a convective �o w in 2D depictedby iconsandselectedstreamlines
for two timesteps.
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achievedby convolutionof aninitial whitenoisealongthestreamlines.As proposed
alreadyby CabralandLeedom[5,21] a suitablechoicefor theconvolution kernel
is a Gaussiankernel.On the other handan appropriatelyscaledGaussiankernel
is known to be the fundamentalsolutionof the heatequation.Thus, line integral
convolution is nothingelsethansolving the heatequationin 1D on a streamline
parametrizedwith respectto arclength.If we askfor a wellposedcontinuousdiffu-
sionproblemwith similarproperties,weareleadto someanisotropicdiffusion,now
controlledby a suitablediffusionmatrix. In thedirectionperpendicularto the �o w
�eld weincorporateasharpeningprocessknownfrom scalespacemethodsin image
processing[17]. In detailwe considerthefollowing parabolicdifferentialequation
problem: g
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to the�eld whichsuppliesusfor evolving timewith ascaleof progressively coarser
representationof the�o w �eld. If weruntheevolutionfor vanishingright handside
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hancingfunction nJ�•4s� (cf. Fig. 5). The spaceof asymptoticlimits signi�cantly

Fig.5.A singletimestepis depictedfrom thenonlineardiffusionmethodappliedto thevector
�eld describingthe�o w aroundanobstacleat a �x edtime.A discretewhite noiseis consid-
eredasinitial data.We run theevolution on the left for a smallandon the right for a large
constantdiffusioncoef�cient ¬ .

in�uencesthe richnessof thedevelopingvector�eld alignedstructures.To enrich
thesetof asymptoticstatessettledby anisotropicdiffusionwecanconsideravector
valued

h

y

r{z}| �U�

HQ~®­

for somē±°

H

anda correspondingsystemof parabolic
equations.Finally we endup with themethodof nonlinearanisotropicdiffusionto
visualizecomplex vector�elds [20] (cf. Fig. 6).

Fig.6. Severaldiffusiontimestepsaredepictedfrom thevectorvaluednonlinearanisotropic
diffusionmethodappliedto a convective �o w �eld in a 2D box.

4 Texturing Lagrangian Coordinates

The secondmethodbasedon a modellingwith partial differentialequationscon-
sistsin the numericalcalculationof the �ux

�

itself [3]. We adoptthe ideaof the
implicit streamsurfacespresentedby J. van Wijk [24] anddiscussthecorrespond-
ing transportproblemfor timedependentdata.In�o w time andin�o w coordinates
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Fig.7. Theincompressible�o w in a waterbasinwith two interior walls andan inlet (on the
left) andan outlet (on the right) is visualizedby anisotropicnonlineardiffusion. Color is
indicatingthevelocity.

mayberegardedasa Lagrangianframe.Themethodwe proposeheredisplaysLa-
grangiancoordinatesby texturemapping,which mapa certainpatternfrom a La-
grangiancoordinatessystem,i. e. from texturespace,to theEulerianframe.Let us
assumer�²wZ [

Š to beadomaindescribinga �uid containerwith aninlet boundary
³
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—R²´.Er . Furthermorewe supposethe �uid
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. In theapplicationthis
velocitywill bedeliveredby a numericalsimulation,which runssimultaneouslyor
hasstoredits resultsin �les on disk.Let usnow interpretthecoordinates	 on the
inlet boundary
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equationfor a density
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Thereforepointsof constant	 valuearelocatedontheparticleline startingatposi-
tion 	 on

³

o . Analogouslya constant
¶

valueindicatespointson a surfacewhich
is the imageof a correspondingsurfaceon the inlet underthe �o w
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� . In this
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sense	��

¶

asfunctionson rfqV| �%� µ
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canbe regardedasLagrangiancoordinates
describingthemotionof particleswhichpassthrough

³

o . Particleswhichhaveear-
lier enteredthe�uid containerarenotconsideredsofar.
Thetransportequationbecomesa wellposedproblemby prescribingsuitableinitial
conditions.If everyparticlepathstartingat a positionin r hasleft thedomain,the
solution

h

no longerdependson theseinitial conditions.For moderatevaluesof µ
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this mightnotbethecaseandfor certainapplicationsespeciallytheinitial phaseof
thephysicalsimulationis of greatimportance.Thereforewe supposethat »	 and »
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for thetwo transportproblems.E. g. if rR²wZ [3owq¸Z [ and
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Finally, we have to de�ne anappropriatepatternin the texturespace
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.
Thereareseveral desirablefeatureswhich shouldbe realizedby the textural rep-
resentationof theLagrangiancoordinates.It shouldsimultaneouslycodetime and
inlet coordinates.Furthermore,to enablelong time animationof moving �uids the
patternin the texturespaceshouldbe periodicin

¶

andthezoominginto detailed
areashasto be supportedby a scalabilityproperty. Thus,we usea periodiccolor
codingof

¶

anda periodicscalable1D texturefor 	 (cf. Fig. 8, 9).

Fig.8. Texturetransportin thevonKármánvortex street.
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Fig.9. Texturetransportappliedto a compressibleEuler�o w arroundtwo obstacles.

5 Streamlineson Invariant Manif olds of Dynamical Systems

In this �nal sectionwewill dealwith a densecoverageof approximationsof invari-
antmanifoldswith streamlines.They displaythelocal �o w onthemanifoldin anin-
tuitively understandableway. This methodis ananalogof thetechniquespresented
before,but now on geometricallycomplex objects.To begin with, let us consider
a dynamicsystem.If time is assumedto evolve continuouslythen this systemis
frequentlygivenby anordinarydifferentialequationof theform

&

�

&,
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����¨½T�
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�i� (1)

where½

y

Z [pŠxz¾Z [9Š . Alternatively, we maystudya discretedynamicalsystemof
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where n

y

Z [pŠ]z‰Z [pŠ . Observe thatthis typeof dynamicalsystemnaturallyarises
whenanordinarydifferentialequationis integratedbyanexplicit numericalscheme.
Topologicalinformationonthelongtermbehavior of thedynamicalsystemis given
by invariantsets:aset j¤²wZ [

Š is invariant if

nJ��j9����j5¥

In this sectionwe presenta visualizationtechniquesbasedon recentnumericalap-
proximationmethodsby D. Dellnitz, H. Hohmann,O. Junge.The centralobject
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whichis approximatedby thesubdivisionalgorithmdevelopedin [9] is theso-called
relativeglobalattractor,

j-ÂV�ÄÃ

¿�Å =

n

¿

��Æ5�i� (3)

where ÆÇ²ÈZ [pŠ is a compactsubset.Roughly speaking,the set j Â shouldbe
viewed as the union of invariantsetsinside Æ togetherwith their unstablemani-
folds.In particular, j Â maycontainsubsetsof Æ whichcannotbeapproximatedby
directsimulation.A subdivisionalgorithmfor theapproximationjŸÉ
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andapproximatethis relativeinvariantsetfor increasingvaluesof Ë . In theconcrete
implementationtheboxesaregeneralizedrectangleswhich build up a binary tree,
generatedby successive bisection[8]. As anexamplewe studyhereinvariantsetin
the Lorenzsystem[7]. Oncea box covering Ê of the attractorjŸÂ hasbeencom-
puted,onecanapproximatethestatisticsof thedynamicson jpÂ by thecomputation
of a correspondingnaturalinvariantmeasure.I. e. thethetransitionprobabilities
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canbeapproximated,wherē denotesLebesguemeasure.Thenaneigenvectorfor
the eigenvalue

H

is computednumericallyandservesasan approximationof the
invariantmeasure.We will usethis measurefor coloringof the�o w lines.
The set orientedalgorithm is not restrictedto approximationsof attractingsets
whicharesmoothsubmanifoldsof Z [3Š . Theattractorunderconsiderationmayhave
aHausdorff dimensionwhich is notanintegerbut is of dimensionbetweentwo and
three.Nevertheless,frequentlyattractorsare containedin the closureof unstable
manifoldswhicharelocally ¯ dimensionalsurfaceswithin Z [3Š . Unfortunately, this
surfacestructureis hiddenin our discreteboxapproach.In termsof a surfaceinter-
pretationthefundamentalquestionis how to de�ne atangentspace,or, equivalently,
how to giveasuitablede�nition of normals.Hereweapplyamethodrelatedto Niel-
son'sapproachin theinterpolationof scattereddata[6]. For given Ð weconsiderthe
neighbourhoodÑ

l

��Ò�Ó�� of thecenterpoint ÒQÓ of every box
Œ

ªKÊ

É

. (Thedistance
is measuredin themaximumnorm.)Thenwe de�ne the local centerof gravity Ô

�

Ó

andthe�rst momentummatrix ŽBÓ by

Ô

�

ÓM�ÕD
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¥

The scalingof Ž
Ó obviously guaranteesthat Ž

Ó
�äZ(& , if the invariantsetcom-

pletelycovers Ñ

l

��Ò�Óå� . Concerningtheimplementationwecanavoid theexacteval-
uationof the integralsandapproximatethemby a countingmeasureover box cen-
ters.We therebytake into accountvaluesof Ð which aremultiplesof the lengthof
boxedges,e.g. in theapplicationsweconsidera factorof

H

� .
Themomentummatrix ŽSÓ is symmetric.Thus,thereexistsanorthonormalsystem
of eigenvectors�

�

�Q474Q4Q���

Š

andcorrespondingreal eigenvalues\

�]æ

\

��æ

4Q474

æ
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\

Š

. By constructiontheapproximateset jŸÉ

Â

is locally moreextendedin directions
of eigenvectorswith relatively large eigenvalues \

¿ and vice versa.If the actual
invariantset j Â is locally an ¯ dimensionalsurface,thenit is reasonableto assume
that j9É

Â

re�ects thispropertyin thesensethatthereare ��•çDK¯x� smalleigenvalues,
i. e.

\

� æ

474Q4

æ

\

Šm—

­_è

\

Šm—

­

o

� æ

474Q4

æ

\

Š

¥

We make useof this factandrequirein thealgorithmthat éuê'ë,ì

é7ê+ë,ì

ˆmí

§

X

for a small
constant

X

, in our case�U¥

H

. Thentheeigenvectors�

�

�Q474Q4Q���

Šm—

­ areinterpretedas
approximatenormalsand �

Š*—

­

o

�

�74Q474Q���

Š

as approximatetangentvectors.Con-
cerningthe visualization,in particularfor •��

ã

and ¯Î�

I

the de�nition of a
normalallows anappropriateshadingandtherebysupportsthevisual receptionof
thestreamlinecoverageof acomplicatedinvariantmanifolds.
Ourstreamlinevisualizationapproachis relatedto themethodof illuminatedstream-
linesintroducedby Stallinget al. [22]. Here,a coverageof thefrequentlylower di-
mensionalinvariantmanifoldsis attainedsimilar to the line art illustrationmethod
by Elber[12].
We usestreamlinesto emphasizethe local dynamicson the invariantset jŸÂ , i. e.
thedirectionandvelocityof thecontinuous�o w accordingto theunderlyingODE.
Streamlinesaresuitabletools to visualizesuchinformation.We will now describe
an algorithmwhich generatesa coverageof jŸÉ

Â

with streamlinesat a prescribed
densityin a preprocessingstep.Then,for the lateroninteractive renderingwe use
transparentilluminatedstreamlinesandcolor themaccordingto the invariantmea-
sure.For our casewe make useof the approximatesurfacenormalsandtherefore
shadethe individual streamlineswith respectto thesenormals.We thusensurethe
graphicalrepresentationof the global geometryandthe local dynamicsof thedy-
namicalsystemat thesametime while still retainingthesurfacetypeappearance.
Ourcoveragewill beof equaldensityall over jŸÉ

Â

in thesensethattheratio îJ�

Œ

�

y

�9ï-�

Œ

�˜$;¯ �

Œ

�

of thesum ï-�

Œ

� of thelengthof streamlinesegmentsin theboxes
Œ

of thebinary
treeandthe local volume ¯ �

Œ

� is balanced.We achieve this by an interative in-
sertionprocessof streamlinesof �x ed length

I

X

. We successively selectstarting
positions �

= , computestreamlinesegments��y

|ðD

X

�

X

~

zÎZ [3Š asnumericalsolu-
tionsof theODE problems

�

�

�¨½T�

�

�Cñ

�

�����A�

�>=

anddistributethelocal segmentsontothecorrespondingboxes.Simultaneouslywe
updatethecurrentdensitiesîJ�

Œ

� on theinvolvedboxes.
Fig. 10showsresultsfor theLorenzsystem..
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